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Valid transformations between quantum states are necessarily described by completely positive
maps, instead of just positive maps. Positive but not completely positive maps such as the trans-
position map cannot be implemented due to the existence of entanglement in composite quantum
systems, but there are classes of states for which the positivity is guaranteed, e.g., states not cor-
related to other systems. In this paper, we introduce the concept of N-copy extension of maps
to quantitatively analyze the difference between positive maps and completely positive maps. We
consider implementations of the action of positive but not completely positive maps on uncorrelated
states by allowing an extra resource of consuming multiple copies of the input state and characterize
the positive maps in terms of implementability with multiple copies. We show that by consuming
multiple copies, the set of implementable positive maps becomes larger, and almost all positive
maps are implementable with finite copies of an input state. The number of copies of the input
state required to implement a positive map quantifies the degree by which a positive map violates
complete positivity. We then analyze the optimal N -copy implementability of a noisy version of the
transposition map.
I. INTRODUCTION
Quantum information processing is performed by
transformations between quantum states, and thus which
class of transformations are allowed in quantum me-
chanics is a fundamental issue in quantum information
processing. In quantum mechanics, valid deterministic
transformations are called quantum channels, which are
mathematically described as completely positive (CP)
and trace preserving (TP) maps [1, 2]. The TP con-
dition can be relaxed by allowing a probability of failure.
Non-TP maps have been investigated for understanding
probabilistic properties of quantum mechanics, and play
a key role in protocols such as quantum teleportation [3].
In contrast, for the CP condition of the CPTP maps, it
has not been much considered if we can implement non-
CP maps by relaxing certain requirement.
In the density operator formalism of quantum mechan-
ics, a general quantum state is described by a density
operator, namely, a positive operator with its trace one.
Valid transformations between states have to preserve the
positivity of quantum states, which leads to the positiv-
ity requirement of maps. Moreover, when a composite
system is considered, the linearity of quantum mechan-
ics extends the action of a map to the composite system.
Complete positivity of a map is equal to the positivity of
that map on a part of a composite system, and it is re-
quired for a map to be a valid transformation in quantum
mechanics. The positivity of a map does not promise its
complete positivity, and there exist positive but not com-
pletely positive (PNCP) maps. The transposition map is
an example of PNCP maps, which plays an important
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FIG. 1. A positive but not completely positive (PNCP) map
Λ is not implementable by the quantum circuit with a single
input state ρ represented by (a), but it may be implementable
by another type of the quantum circuit corresponding to ΛN
with N copies of an input state represented by (b). If the
quantum circuit of type (b) exists, we say that Λ is N -copy
implementable.
role in entanglement criterion [4, 5].
Even if we promise that the input state is not corre-
lated to other quantum systems, the linearity of quan-
tum mechanics defines the actions for correlated states.
As the linearity of quantum mechanics is one reason that
PNCP maps are not implementable, we consider one re-
laxation to this condition, that is, adding multiple copies
of an input state. As we will show in this paper, the as-
sumption of adding multiple copies reveals fundamental
properties of positive maps. It also contributes to practi-
cal scenarios where multiple copies of an input state are
initially available. These copies serve as an extra resource
as the no-cloning theorem [6] forbids producing perfect
copies from a single input state.
A trivial example that multiple copies of an input state
help in implementing PNCP maps is the case when infi-
nite copies of an input state are available. In this case, we
can perform state tomography [7, 8] on the input state ρ,
and obtain a classical description of ρ. We then (classi-
cally) calculate the action of Λ on ρ using its classical de-
scription, which results in a classical description of Λ(ρ).
Since ρ is a positive operator and Λ is a positive map,
Λ(ρ) is also a positive operator and we can prepare the
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2quantum state Λ(ρ) with normalization. By employing
this “measure, estimate, calculate and prepare strategy”,
any positive map can be implemented for input states not
correlated to other systems if infinite copies of the input
state are provided.
However, if only finite copies of an input state are
available, how does the implementability of PNCP maps
change? It is shown that if only finite copies are avail-
able, the transposition map is not implementable in an
exact manner, even probabilistically1 [9, 10]. That is, in
order to implement the transposition map, infinite copies
of an input state are necessary. On the other hand, this
result does not exclude the possibility of implementing
other PNCP maps with finite copies, and it is not known
which class of maps become implementable when finite
copies are available.
For the finite copy case, many of preceding studies
focus on evaluating optimal approximate implementa-
tions of maps, such as universal NOT [11] and quantum
cloning [12, 13]. In contrast, we focus on exact implemen-
tations in this paper, as the evaluation of approximation
is not unique (e.g., average fidelity, diamond norm [14–
16], or structural physical approximation [17, 18]). The
requirement of the exact implementation indicates that
the protocols in the type of measure, estimate, calculate
and prepare strategy does not help, as the result is always
approximate.
We introduce the concept of N -copy extension of a
map. We analyze the implementability of the action of a
PNCP map Λ when N copies of an input state ρ, which
is not correlated to other systems, are given. Mathemat-
ically, we consider the existence of CP N -copy extension
of map, a CP map ΛN which maps N copies of ρ, that
is ρ⊗N , to a single state Λ(ρ), namely, ΛN (ρ⊗N ) = Λ(ρ)
for every ρ. We figure out how the set of implementable
maps changes when the number of copies, N , changes.
The problem of CP N -copy extension can then be re-
garded as a kind of the CP extension problem, which
has been studied for two-dimensional systems [19], pure
states in general dimensional systems with the Gram ma-
trices [20]. For general states with an arbitrary dimen-
sion, this problem can be tackled by semidefinite pro-
gramming (SDP) methods [21]. In this work we do not
make use of SDP methods. Instead, we show that the CP
N -copy extension problem can be solved by evaluating
the smallest eigenvalue of an operator, which is consider-
ably simpler than solving a general SDP problem or the
SDP formulation presented in Ref. [21].
We show that almost all PNCP maps become imple-
mentable if enough but still finite copies of an input state
are provided. The number of copies required for imple-
menting a positive map can be regarded as a measure of
1 Although Ref. [9] does not state this result explicitly, it follows
from the section 6 of the appendix that the optimal approxi-
mation of this probabilistic transformation cannot have average
fidelity equals one, hence it can never be exact.
how difficult it is to implement the map.
Positive maps have a one-to-one correspondence to en-
tanglement witness [5], and characterizations of positive
maps based on entanglement witness have been studied
in [22]. Our results on N -copy implementable maps give
quantitative bound to the hierarchies in [22]. Structural
physical approximation [17, 18] provides a method for
quantifying the difficulty for implementing positive maps
restricted to a single copy of the input state. The idea
of N -copy implementability presented in this paper pro-
vides a different quantification for the difficulty, the num-
ber of copies of the input state which is required to im-
plement a positive map.
This paper is organized as follows. In Section 2, we
introduce the concept of N -copy extension. In Section 3,
we give a universal construction of N -copy extension.
This construction is shown to be an optimal construc-
tion, and N -copy implementability of a map is verifiable
by only considering this construction. While this result
fully characterizes N -copy implementability, we give two
sufficient and one necessary conditions for N -copy im-
plementability in Section 4 and 5, which are simpler to
verify. In Section 4, we consider two noisy versions of
a positive map, and we give sufficient conditions for the
noisy versions to be N -copy implementable. The result
also shows that all non-boundary positive maps are im-
plementable with finite copies of an input state. In Sec-
tion 5, a necessary condition for a positive map to be
N -copy implementable is given. In Section 6, we con-
sider the boundary and extremal conditions of a posi-
tive map with a few examples. In Section 7, we analyze
the N -copy implementability of the noisy version of the
transposition map in general dimension. In Section 8,
we discuss a characterization of positive maps based on
N -copy implementability.
II. IMPLEMENTING MAPS WITH MULTIPLE
COPIES OF AN INPUT STATE
Let D(H) be the set of density operators on the Hilbert
space H. A linear map Λ : L(H1) → L(H0) is said to
be implementable in quantum mechanics if there exists
a quantum circuit such that it (probabilistically) trans-
forms any input state ρ ∈ D(H1) into Λ(ρ) ∈ D(H0) as
shown in Fig. 1 (a). Such a quantum circuit exists if Λ
is a CP map.
We consider a situation where N copies of an input
state ρ are provided to perform a task to prepare a single
state given by Λ(ρ). We say that Λ is implementable with
N copies of an input, or simply N -copy implementable,
when there exists a quantum circuit that transforms any
input state ρ⊗N into Λ(ρ) as shown in Fig. 1(b).
The quantum circuit represented by Fig. 1(b) satisfies
the following properties. The input quantum system of
the quantum circuit is not just H1 but N copies of H1.
In order to distinguish all input quantum systems, we
define Hi ∼= Cd1 for i = 2, . . . , N , where d1 = dimH1.
3The subscripts of vectors and operators also denote the
Hilbert spaces in or on which they are defined, e.g.,
|φ〉j |ψ〉i = |ψ〉i|φ〉j , and the subscripts are omitted if triv-
ial from the context. The total input quantum system is
H1 ⊗ · · · ⊗ HN , and the extended map is a linear map
from L(H1⊗H2⊗ · · ·⊗HN ) to L(H0), which is denoted
by ΛN . We denote the Hilbert space H1⊗H2⊗· · ·⊗HN
as H12···N for convenience. Our aim is to find an imple-
mentation of a map that transforms a state ρ to Λ(ρ)
with N copies of ρ. Thus, a requirement for ΛN is that
ΛN maps ρ
⊗N ∈ L(H12···N ) to Λ(ρ). If this condition is
satisfied, we call the map ΛN as an N -copy extension of
Λ, and if ΛN is CP, we call it as a CP N -copy extension
of Λ. The N -copy implementability of Λ is equivalent to
the existence of a CP N -copy extension of Λ.
Definition 1 (N -copy extension). Given a linear map
Λ : L(H1) → L(H0), a linear map ΛN : L(H1 ⊗ H2 ⊗
· · · ⊗ HN ) → L(H0) is an N -copy extension of Λ if ΛN
satisfies
ΛN (ρ
⊗N ) = Λ(ρ) (1)
for any quantum state ρ ∈ D(Cd1). When the N -copy
extension is CP, it is a CP N -copy extension.
Due to the linearity, the action of ΛN is not only de-
termined on ρ⊗N , but on the linear span of ρ⊗N , where
the linear span is defined as
span{ρ⊗N} :=
{∑
i
ciρ
⊗N
i
∣∣∣∣∣ci ∈ C, ρi ∈ D(Cd1)
}
. (2)
An element in the linear span ON ∈ span{ρ⊗N} can be
decomposed as ON =
∑
i ciρ
⊗N
i , and the action of ΛN
on ON can be evaluated with linearity and Eq. (1) as
ΛN (ON ) =
∑
i
ciΛN (ρ
⊗N
i ) =
∑
i
ciΛ(ρi)
= Λ(
∑
i
ciρi) = Λ(Tr2,...,NON ). (3)
Note that for an operator a ∈ L(Cd1) which is not a
density operator, even if a⊗N ∈ span{ρ⊗N}, the condi-
tion ΛN (a
⊗N ) = Λ(a) is not guaranteed. For example,
consider a = |0〉〈1|, the action of ΛN on |0〉〈1|⊗N is not
Λ(|0〉〈1|) but 0, as the partial trace over H2, . . . ,HN of
|0〉〈1|⊗N is 0, namely,
ΛN (a
⊗N ) = Λ(Tr2,...,N a⊗N ) = Λ(0) = 0. (4)
The problem of CP N-copy extension is a particu-
lar case of the CP extension problem, the objective of
which is to decide for a given map defined on a subspace
whether there exists a CP map defined on the full space
preserving the action on the subspace. In particular, for
a given set of input states {ρi} and a set of output states
{σi}, the CP extension problem is to verify the existence
of a CP map or sometimes a quantum channel (a CPTP
map) that maps ρi into σi for every i. For the CP N -
copy extension problem, the set of input states is {ρ⊗N}
and the set of output states is {Λ(ρ)}. The CP extension
problem has been studied for two-dimensional systems
in [19] and for pure states in general dimensional sys-
tems in [20] using the Gram matrices. A recent study for
general states in general dimensional systems [21] shows
that the CP extension problem can be formulated as an
SDP. The problem of CP N -copy extension is a subclass
of this general extension problem.
III. N-COPY IMPLEMENTABLE MAPS
We present a characterization of N -copy CP extensible
maps based on the positivity of an operator in this sec-
tion. That is, we show an universal construction of ΛN ,
and the N -copy implementability of Λ can be verified by
analyzing this construction. This is achieved by notic-
ing that the subspace in our problem satisfies permuta-
tion invariance under permutations of the input Hilbert
spaces.
Theorem 2. There exists a CP N -copy extension of Λ
if and only if the N -copy extension ΛsymN is CP, where
ΛsymN (ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρN ) :=
1
N
N∑
i=1
Λ(ρi)
∏
j 6=i
Trjρj , (5)
for all ρi ∈ L(Hi). Moreover, if Λ is TP, ΛsymN is also
TP.
Note that ΛsymN is an N -copy extension of Λ, that is,
if we set ρi = ρ for i = 1, . . . , N , we obtain
ΛsymN (ρ
⊗N ) =
1
N
N∑
i=1
Λ(ρ) = Λ(ρ). (6)
In order to verify if a linear map is CP, we utilize the
Choi-Jamio lkowski isomorphism [23]. This isomorphism
maps a linear map Λ : L(H1) → L(H0) to an operator
L ∈ L(H1 ⊗H0) as L :=
∑ |i〉〈j| ⊗ Λ(|i〉〈j|). L is called
as the Choi operator of Λ. The definition of L is also
equivalent to L = id ⊗ Λ(d1|Φ+〉〈Φ+|) where |Φ+〉 :=
(1/
√
d1)
∑d1−1
i=0 |i〉|i〉 is the maximally entangled state onH1⊗H1. Since complete positivity of a map is equivalent
to the positivity of the corresponding Choi operator, we
can verify complete positivity of a map by calculating the
smallest eigenvalue of its Choi operator.
Theorem 2 states that for a given positive map Λ, its
N -copy implementability is equal to the complete pos-
itivity of ΛsymN . Let L be the Choi operator of Λ, the
complete positivity of ΛsymN is equivalent to the positiv-
ity of the corresponding Choi operator LsymN ∈ L(H01···N )
given by
LsymN =
1
N
N∑
i=1
(L)0i ⊗ IR, (7)
4where the subscripts 0, i on the r.h.s. denotes the Hilbert
space H0,Hi and R denotes the rest. Thus, Theorem 2
is equivalent to that a positive map Λ is N -copy imple-
mentable if and only if its corresponding LsymN defined
as Eq. (7) is positive. Various properties of the operator
which has a symmetrized structure as in Eq. (7) have
been studied [22, 24, 25]. In this paper, we focus on the
non-negativity of the minimum eigenvalue of the opera-
tor in Eq. (7), which corresponds to the existence of a
CP N -copy extension.
While a characterization of N -copy implementability
can be formulated as an SDP [21], we show that N -copy
implementability of a map Λ is decidable by calculating
the smallest eigenvalue of the operator given by Eq. (7),
which is considerably simpler than solving an SDP. If
the N -copy implementability problem is formulated as
an SDP, our construction of ΛN always corresponds to
the candidate of the optimal solution of the SDP, and
thus we only need to see if this construction satisfies the
SDP condition to determine if there exists a solution to
this SDP.
Theorem 2 can also be used to show the positivity of
a class of maps. Since any N -copy implementable map
is necessarily a positive map, we can verify the positiv-
ity of a map if it is already N -copy implementable. A
characterization of positive maps in terms of N -copy im-
plementability is discussed in Section VIII.
Proof of Theorem 2. The “if part” is trivial, and we show
the “only if part”. Let ΛN be an N -copy extension of
Λ, and the Choi operators of ΛN and Λ
sym
N be LN and
LsymN , respectively. Since ΛN (Λ
sym
N ) is CP if and only if
LN (L
sym
N ) is positive, it is enough to show that L
sym
N ≥ 0
holds when LN ≥ 0.
Consider the permutations pi ofN input states, namely,
ΛN ◦pi(ρ1⊗ · · ·⊗ ρN ) = ΛN (ρpi(1)⊗ · · ·⊗ ρpi(N)), and the
average of them Sym(ΛN ) =
1
N !
∑
pi∈SN ΛN ◦ pi. For any
ρi, we have
1
N !
∑
pi∈SN
ΛN ◦ pi(ρ1 ⊗ · · · ⊗ ρN ) (8)
= ΛN (
1
N !
∑
pi∈SN
ρpi(1) ⊗ · · · ⊗ ρpi(N)). (9)
Here, 1N !
∑
pi∈SN ρpi(1) ⊗ · · · ⊗ ρpi(N) ∈ span{ρ⊗N},
which can be derived by a similar argument to
the proof of Theorem 3 in [26] as follows. Let
R(c1, c2, . . . , cN ) =
∑N
i=1 ciρi with ci ∈ R for i =
1, . . . , N . Then R(c1, c2, . . . , cN )
⊗N ∈ span{ρ⊗N}
holds by definition. Notice that
∑
pi∈SN ρpi(1) ⊗ · · · ⊗
ρpi(N) =
∂N
∂c1∂c2···∂cNR(c1, c2, . . . , cN )
⊗N , proving that
1
N !
∑
pi∈SN ρpi(1) ⊗ · · · ⊗ ρpi(N) ∈ span{ρ⊗N}. Thus, the
action of Sym(ΛN ) on ρ1 ⊗ · · · ⊗ ρN can be calculated
invoking Eq. (3), and is uniquely determined by Eq. (1),
i.e., Sym(ΛN ) = Sym(Λ
′
N ) for any Λ
′
N satisfying Eq. (1).
Since ΛsymN satisfies Eq. (1), Sym(ΛN ) can be calcu-
lated by taking ΛsymN in place of ΛN , and we obtain
Sym(ΛN ) =
1
N !
∑
pi∈SN Λ
sym
N ◦pi = ΛsymN . In other words,
1
N !
∑
pi∈SN ΛN ◦ pi = Λ
sym
N holds for any ΛN satisfy-
ing Eq. (1). The Choi operator of ΛN ◦ pi is given by
(id⊗ΛN ◦pi)(dN1 |Φ+〉〈Φ+|) = (pi−1⊗ΛN )(dN1 |Φ+〉〈Φ+|) =
(pi−1 ⊗ id)(LN ), and the corresponding eigenvalues are
the same as the eigenvalues of ΛN for any pi. Thus,
the smallest eigenvalue of the Choi operator of ΛsymN is
bounded as
λmin(L
sym
N ) = λmin
[
1
N !
∑
pi∈SN
(pi−1 ⊗ id)(LN )
]
(10)
≥ λmin(LN ). (11)
Therefore, for LN ≥ 0, we obtain LsymN ≥ 0.
In the rest of this paper except for Section V, we use
ΛN to denote the specific N -copy extension of Λ given by
Eq. (5), and LN the corresponding Choi operator given
by Eq. (7).
IV. NOISY VERSION OF POSITIVE MAPS
While Theorem 2 gives a method to verify the N -copy
implementability of a map, it does not show how the
set of N -copy implementable maps changes depending
on N . One way to capture the change of the set of im-
plementable maps in N is to analyze a set of maps writ-
ten in a certain form. For example, the implementability
of a noisy version of two dimensional state transposition
defined as
T η(ρ) = (1− η)ρT + ηI/2 (12)
can be obtained by using the results of [11]. When N
copies of an input state are available, this noisy version
of the map is implementable if and only if η ≥ 2/(N+2).
In this section, we consider the implementability of a
wider class of maps given by
Ληa(ρ) := (1− ηa)Λ(ρ) + ηaTrL
d1
I0
d0
Tr(ρ), (13)
where Λ : L(H1) → L(H0) is an arbitrary positive map,
and L is the Choi operator of Λ. The parameter ηa may
be seen as the amount of white noise that is added to
the original map Λ. When N copies of an input state
are available, we give a general bound on ηa independent
of Λ (Theorem 3). Note that while Ληa can be regarded
as an approximation of Λ, what we show is the exact
implementability of Ληa .
We can also consider another kind of a noisy version
of the map by introducing a decomposition given by
Ληb(ρ) := (1− ηb)Λ(ρ) + ηbΛ( I1
d1
Tr(ρ)). (14)
In Lemma 8, another bound is derived for this decom-
position. While Eq. (13) is the convex sum of Λ and
5the renormalized totally depolarizing channel, Eq. (14)
can be interpreted as a map that first depolarize the
state, and then apply Λ on the depolarized state, that
is, Ληb = Λ◦ ((1−ηb)id+ηb Id1 Tr). We also give a general
bound on ηb independent of Λ in Theorem 4. Note that
Eq. (14) coincides with Eq. (13) when Λ is unital, and in
this case, Theorem 4 gives a better bound.
Theorem 3. For any positive map Λ : L(H1)→ L(H0),
its noisy version Ληa(ρ) defined as Eq. (13) is N -copy im-
plementable if ηa ≥ d0d21/(N+d0d21), where di = dimHi.
Theorem 4. For any positive map Λ : L(H1)→ L(H0),
its noisy version Ληb(ρ) defined as Eq. (14) is N -copy
implementable if ηb ≥ d21/(N + d21), where di = dimHi.
For any positive map Λ, Theorem 3 states that by
adding white noise of an amount of O(1/N), the noisy
version of Λ always becomes N -copy implementable.
While this result does not characterize the whole set of
N -copy implementable maps, it shows a subset of N -copy
implementable maps (Fig. 2(b)).
Theorem 3 also indicates that for any ηa > 0, there ex-
ists a number N such that Ληa is N -copy implementable,
that is, finite-copy implementable. Since the set of posi-
tive maps is convex, any non-boundary (interior) positive
map can be decomposed as a convex sum of another posi-
tive map and the completely depolarizing channel. Thus,
we obtain the following corollary.
Corollary 5. Any non-boundary positive map is finite-
copy implementable.
To show a range of η that ΛηN is CP for either case,
we show the corresponding Choi operator LηN is positive,
that is, the minimum eigenvalue of LηN is non-negative,
namely, λmin(L
η
N ) ≥ 0. We first use Lemma 6 and 7 to
prove Lemma 8, and then prove Theorem 3 and 4.
Lemma 6 (Ref. [24, 27]). If ρN ∈ L(H01···N ) is permu-
tation invariant on the permutation of H1, . . . ,HN , i.e.,
(I0⊗Pσ)ρN (I0⊗Pσ)† = ρN for all permutation operators
Pσ of H1 ⊗ · · · ⊗ HN , its purification |ψN 〉 ∈ H01···N ⊗
H0′1′···N ′ , where Hk′ ∼= Hk, is Bose-symmetric on per-
mutation of H11′ , . . . ,HNN ′ , i.e., (I00′⊗Pσ′)|ψN 〉 = |ψN 〉
for all permutation operators Pσ′ of H11′ ⊗ · · · ⊗ HNN ′ .
Proof. First diagonalize ρN as ρN =
∑
λ λΠλ, where Πλ
is the projector onto the eigenspace corresponding to an
eigenvalue λ. For each λ,
Πλ = (I0 ⊗ Pσ)Πλ(I0 ⊗ Pσ)† (15)
holds for all Pσ. Defining M :=
∑
λ
√
λΠλ, M also sat-
isfies
M = (I0 ⊗ Pσ)M(I0 ⊗ Pσ)† (16)
for all Pσ. Define a purification of ρN as |ψN 〉 :=
(M⊗I)|φ+〉, where |φ+〉 is the maximally entangled state
(a)
(b)
FIG. 2. (a) A pictorial representation of the set of positive
maps. Theorem 2 gives a complete characterization of N -copy
implementable maps. While we have the inclusion relations
between the sets, it is not clear from Theorem 2 if the set of
N -copy implementable maps converges to the set of positive
maps, or how it converges. (b) In Theorem 3, we analyze the
set of N -copy implementable maps by restricting the positive
map to be the convex sum of another positive map with the
depolarizing channel. With this restriction, we obtain a sub-
set of N -copy implementable maps. We show that this subset
of N -copy implementable maps converges to the set of posi-
tive maps with N . This result also implies the set of N -copy
implementable maps converges to the set of positive maps.
between H01···N and H0′1′···N ′ . Then it satisfies
(I00′ ⊗ Pσ′)|ψN 〉 = (I0 ⊗ Pσ)⊗ (I0 ⊗ Pσ)|ψN 〉
= [(I0 ⊗ Pσ)⊗ (I0 ⊗ Pσ)](M ⊗ I)|φ+〉
= (M ⊗ I)[(I0 ⊗ Pσ)⊗ (I0 ⊗ Pσ)]|φ+〉
= (M ⊗ I)[(I0 ⊗ Pσ)(I0 ⊗ Pσ)T ⊗ I]|φ+〉
= (M ⊗ I)|φ+〉 = |ψN 〉, (17)
that is, |ψN 〉 is Bose-symmetric on H11′ , . . . ,HNN ′ .
Lemma 7 (Theorem 2 of Ref. [28]). If ρ ∈ L(H01) has an
N Bose-symmetric extension ρN ∈ L(H01···N ) extending
H1, that is,
1. ρN ≥ 0
2. Tr2···N ρN = ρ
3. ρN is Bose-symmetric, i.e., (I0 ⊗ Pσ)ρN = ρN for
all permutation operators Pσ of H11′ ⊗· · ·⊗HNN ′ ,
then ρη := (1 − η)ρ + η(Tr1ρ) ⊗ I/d1 is separable for
η ≥ d1/(N + d1).
Lemma 8. If ρ ∈ L(H01) has an N permutation invari-
ant extension ρN ∈ L(H01···N ) extending H1, that is,
61. ρN ≥ 0
2. Tr2···N ρN = ρ
3. ρN is permutation invariant, i.e., (I0⊗Pσ)ρN (I0⊗
Pσ)
† = ρN for all permutation operators Pσ of
H11′ ⊗ · · · ⊗ HNN ′ ,
then
1. ρηb = (1 − ηb)ρ + ηbTr1ρ ⊗ I/d1 is separable for
ηb ≥ d21/(N + d21).
2. ρηa = (1 − ηa)ρ + ηaI/d0 ⊗ I/d1 is separable for
ηa ≥ d0d21/(N + d0d21).
Proof. 1. Lemma 6 shows that ρN ’s purification |ψN 〉 ∈
H01···N ⊗ H0′1′···N ′ is Bose-symmetric. Let ρ′ =
Tr22′···NN ′ |ψN 〉〈ψN |, then ρ′ has an N Bose-symmetric
extension and ρ = Tr0′1′ρ
′. Lemma 7 shows that
(1 − ηb)ρ′ + ηbTr11′ρ′ ⊗ I/d21 is separable between H00′
and H11′ for ηb ≥ d21/(N +d21), where d21 = dimH11′ . By
taking partial trace on H0′1′ , we show that (1 − ηb)ρ +
ηbTr1ρ⊗ I/d1 is also separable.
2. Let ρ0 = Tr1ρ be decomposed as
∑d0−1
k=0 pk|ψk〉〈ψk|,
and (ρ0)ci =
∑d0−1
k=0 p(k+i) mod d|ψk〉〈ψk| for i =
1, . . . , d0 − 1, then ρ0 +
∑d0−1
i=1 (ρ
0)ci = I. Thus, ρηa can
be written with ρηb by
ρηa = pρηb +
1− p
d0 − 1
d0−1∑
i=1
(ρ0)ci ⊗
I1
d1
(18)
with 1−ηa = p(1−ηb) and p satisfies pηb = (1−p)/(d0−
1). Since ρηb is separable for ηb ≥ d21/(N + d21), ρηa is
also separable for ηa ≥ d0d21/(N + d0d21)
Proof of Theorem 3 and 4. We first prove Theorem 4. It
is enough to prove that the minimum eigenvalue of LηbN is
non-negative for ηb ≥ d21/(N+d21). LηbN is invariant under
permutations ofH1, . . . ,HN , that is, for any permutation
operator Pσ,
(I0 ⊗ Pσ)LηbN (I0 ⊗ Pσ)† = LηbN (19)
holds. By considering this symmetry, LηbN can be written
as
LηbN =
1
N !
∑
σ
(I0 ⊗ Pσ)(Lηb)01 ⊗ IR(I0 ⊗ Pσ)†, (20)
where Lηb is the Choi operator of Ληb .
Consider a unit vector |φ〉 ∈ H01···N . The smallest
eigenvalue of LηbN is given by
λmin(L
ηb
N ) = min|||φ〉||=1
〈φ|LηbN |φ〉, (21)
where
〈φ|LηbN |φ〉
= TrLηbN |φ〉〈φ|
= Tr
1
N !
∑
σ
(I0 ⊗ Pσ)((Lηb)01 ⊗ IR)(I0 ⊗ Pσ)†|φ〉〈φ|
= Tr((Lηb)01 ⊗ IR)
∑
σ
1
N !
(I0 ⊗ Pσ)|φ〉〈φ|(I0 ⊗ Pσ)†
=: Tr((Lηb)01 ⊗ IR)ρN (22)
=: Tr(Lηb)01ρ. (23)
The permutation symmetry of LηbN is transformed to the
permutation symmetry of the state ρN , as ρN satisfies
ρN = (I0 ⊗ Pσ)ρN (I0 ⊗ Pσ)† (24)
for all Pσ. Thus ρ has an N permutation invariant ex-
tension. Here
TrLηbρ = (1− ηb)TrLρ+ ηbTr(Tr1L⊗ I1/d1)ρ
= (1− ηb)TrLρ+ ηbTr(Tr1L)(Tr1ρ)/d1
= (1− ηb)TrLρ+ ηbTrL(Tr1ρ⊗ I1/d1)
= TrLρηb (25)
holds, and the first bound of Lemma 8 shows that ρηb is
separable for ηb ≥ d21/(N+d21). Notice that for a positive
map Λ, the corresponding Choi operator L satisfies
TrL(ρ⊗ σ) ≥ 0 (26)
for all positive operators ρ and σ [23]. Therefore,
λmin(L
ηb
N ) ≥ 0 for these ηb.
The proof of Theorem 3 is in a similar way, and the
only different part is that
TrLηaρ = (1− ηa)TrLρ+ ηaTrL
d1
Tr(I0 ⊗ I1)ρ
d0
= (1− ηa)TrLρ+ ηa(TrL)/d0d1
= (1− ηa)TrLρ+ ηaTrL(I0/d0 ⊗ I1/d1)
= TrLρηa . (27)
The second bound of Lemma 8 shows Theorem 3.
Note that for d1 = 2, the two bounds shown in
Lemma 8 can be improved using the result of [29]. Un-
der the condition of Lemma 8, it is shown in [29] that
ρηb = (1 − ηb)ρ + ηbTr1ρ ⊗ I/d1 is separable for ηb ≥
d1/(N + d1), which corresponds to the first bound. Fol-
lowing the same calculation in the proof of Lemma 8, we
also obtain that ρηa = (1− ηa)ρ+ ηaI/d0 ⊗ I/d1 is sepa-
rable for ηa ≥ d0d1/(N + d0d1). These results also apply
to Theorem 3 and 4, and the bounds can be improved in
the same way for d1 = 2.
7V. POSITIVE MAPS WITH NO N-COPY
EXTENSION
Theorem 3 gives a sufficient condition for a map to
be N -copy implementable, but it cannot be used to show
that a map is not N -copy implementable. In this section,
we give a necessary condition for a map to be N -copy im-
plementable. We show a theorem to bound the set of N -
copy implementable maps complementary to Theorem 3
and Theorem 4. With this theorem, we also provide a
characterization of certain types of maps that are not
finite-copy implementable in the next section.
Theorem 9. Λ is not N -copy implementable if the fol-
lowing operator is not positive.
d1−1∑
i,j=0
|i〉〈j| ⊗ Λ(|i〉〈j|) + (N − 1)
d1−1∑
i=1
|i〉〈i| ⊗ Λ(|0〉〈0|)
(28)
The first term of Eq. (28) is the Choi operator of Λ, and
the second term contains Λ(|0〉〈0|). We take a state |0〉
in the computational basis {|i〉}d1−10 for convenience, but
this condition can be applied for any orthonormal basis
{|ki〉}, namely, if L + (N − 1)
∑
i 6=0 Λ(|k0〉〈k0|) ⊗ |ki〉〈ki|
is not positive, Λ is not N -copy implementable.
If we require ΛN (ρ
⊗N ) = Λ(ρ) for any density oper-
ator ρ, the optimal construction of N -copy extension is
already given by Eq. (5). In this case, Theorem 9 can
be proved by showing that the operator Eq. (28) is the
result of a certain positive map applied on the Choi op-
erator of the N -copy extension Eq. (5). However, we will
give a proof of Theorem 9, which only uses constraints
for span{|ψ〉〈ψ|⊗N}, where
span{|ψ〉〈ψ|⊗N} :=
{∑
i
ci|ψi〉〈ψi|⊗N
∣∣∣∣∣ci ∈ C, |ψi〉 ∈ Cd1
}
.
(29)
Since for N ≥ 2, span{|ψ〉〈ψ|⊗N} ( span{ρ⊗N} holds2,
our proof indicates that Theorem 9 can be applied for
a more general problem. That is, even if we require
ΛN (ρ
⊗N ) = Λ(ρ) for only pure state ρ = |ψ〉〈ψ|, it is not
N -copy implementable if the operator given by Eq. (28)
is not positive.
Sketch of the proof. Let LN be the Choi operator of ΛN ,
an arbitrary N -copy extension of Λ. Since ΛN is only
defined on a subspace of L(H1···N ), not all elements of
LN are determined. However, LN cannot be positive if
2 For example, for d = 2, N = 2, I⊗2 is in span{ρ⊗2}, but not in
span{|ψ〉〈ψ|⊗2}. That is, for any state O ∈ span{|ψ〉〈ψ|⊗2},
it can be decomposed as O =
∑
i ci|ψi〉〈ψi|⊗2, and since
〈ψ−|(|ψi〉〈ψi|⊗2)|ψ−〉 = 0 for any |ψi〉, we obtain 〈ψ−|O|ψ−〉 =
0 6= 〈ψ−|(I⊗2)|ψ−〉 where |ψ−〉 is the singlet state.
there exists a positive map which maps LN to a non-
positive operator. We explicitly construct the positive
map that maps LN to the operator given by Eq. (28) in
Appendix A.
VI. BOUNDARY AND EXTREMAL
CONDITIONS
All positive maps that are non-boundary are finite-
copy implementable as shown in Corollary 5. A nat-
ural question is that whether the boundary condition
can fully characterize finite-copy implementability. We
show that this is not the case. Among boundary positive
maps, there exist both finite-copy implementable ones
and not implementable ones. Meanwhile, boundary pos-
itive maps can be further classified in to extremal positive
maps and non-extremal ones. We conjecture that all ex-
tremal PNCP maps are not finite-copy implementable,
whereas there exist both finite-copy implementable and
not implementable non-extremal positive maps.
We first see the examples for extremal positive maps.
For the 2-dimensional case, any extremal PNCP map is
known to be the concatenation of the transposition map
and a CP map with a single Kraus operator [23]. Notice
that if the Kraus operator is rank 0 or 1, the concatena-
tion with the transposition map is CP, so the Kraus oper-
ator is necessarily full rank, and the CP map is invertible.
Thus, since the transposition map is not finite-copy im-
plementable [9–11], which also follows from Theorem 9,
any 2-dimensional extremal PNCP map is not finite-copy
implementable. For higher dimensional maps, there ex-
ist extremal positive maps that cannot be decomposed
into the transposition map and a CP map. One such ex-
ample is the Choi map [23, 30], which is a map between
3-dimensional matrices as
C :
x00 x01 x02x10 x11 x12
x20 x21 x22
 7→
x00 + x22 −x01 −x02−x10 x00 + x11 −x12
−x20 −x21 x11 + x22
 .
(30)
The Choi map is also shown to be not finite-copy im-
plementable by applying Theorem 9. It is enough to show
that the corresponding operator L′N is not positive. Con-
sider the principle minor of L′N given by〈00|L′N |00〉 〈00|L′N |11〉 〈00|L′N |22〉〈11|L′N |00〉 〈11|L′N |11〉 〈11|L′N |22〉
〈22|L′N |00〉 〈22|L′N |11〉 〈22|L′N |22〉
 (31)
=
 1 −1 −1−1 1 + (N − 1) −1
−1 −1 1
 . (32)
The determinant of this matrix is −4 independent of N .
Thus, for any N , this principle minor of L′N is not posi-
tive, and L′N is not positive. Note that even if the deter-
minant does not depend on N , the eigenvalues depend
8on N . Especially, the smallest eigenvalue converges to 0
for N → ∞, and the noisy version is always finite-copy
implementable.
Next, we consider two non-extremal examples, one is
finite-copy implementable and the other is not. The im-
plementable one is given by Λ(ρ) := (1 − p)ρ + 12p C(ρ),
where p ∈ (6/7, 8/9). The smallest eigenvalue of the Choi
operator of Λ is −(7p− 6)/2, and thus for p > 6/7, Λ is
not CP. However, to construct the 2-copy extension given
by Eq. (5), the minimum eigenvalue of the corresponding
Choi operator is non-negative for p < 8/9, and thus Λ
is 2-copy implementable. The example of the finite-copy
non-implementable map is given by Λ(ρ) := (1−p)ρ+pρT
with p ∈ (0, 1). We apply Theorem 9 for this map. It is
enough to show that the corresponding operator L′N is
not positive. Consider the principle minor given by(〈01|L′N |01〉 〈01|L′N |10〉
〈10|L′N |01〉 〈10|L′N |10〉
)
=
(
0 p
p N − 1
)
. (33)
This matrix is not positive for p 6= 0. Thus, Λ does
not have a CP N -copy extension for any N , and is not
finite-copy implementable.
VII. OPTIMAL STATE TRANSPOSITION
As the transposition map is one of the most important
PNCP maps, we consider an optimal approximation to
implement the map with N copies of an input state. That
is, we consider the implementation of a noisy version of
the transposition map
T η : ρ 7→ (1− η)ρT + η(I/d)Tr(ρ), (34)
and show the amount of white noise η required to imple-
ment the map when N copies of an input are provided.
In this section, we will show a lower bound for η. An
upper bound for η, on the other hand, is given by The-
orem 4. As the two bounds coincide in the asymptotic
limit, we can see that the bound shown in Theorem 4 is
also asymptotically optimal.
Theorem 10. For d-dimensional noisy transposition
T η : ρ 7→ (1 − η)ρT + η(I/d)Tr(ρ), it is N -copy imple-
mentable for η ≥ d2/(N + d2), and is not N -copy imple-
mentable for η < min{d/(d+1), d(d−1)/(N+d(d−1))}.
This result shows that for d-dimensional state trans-
position, if we assume the approximation is given as
Eq. (34), multiple copies of an input does not help unless
the number of copies is more than d− 1. Numerical cal-
culations shows the bound min{d/(d+ 1), d(d− 1)/(N +
d(d − 1))} seems to be the critical amount of the noise
required to make the noisy transposition to be N -copy
implementable.
Sketch of the proof. Since the Choi operator of state
transposition is the swap operator S, the Choi operator
of the optimal N -copy extension is given as
LN =
1
N
N∑
i=1
S0i ⊗ IR. (35)
We show that the minimum eigenvalue of LN is bounded
as
λmin(LN ) ≤
{
−1 N ≤ d− 2
−(d− 1)/N N ≥ d− 1 . (36)
The N = 1 case is easy to prove as L1 = S01, which is just
the swap operator. If T η is N -copy implementable, it is
also N ′-copy implementable for N ′ > N , thus the mini-
mum eigenvalue of LN is non-decreasing in N . Therefore,
for N ≤ d − 2 cases, it is enough to show that the min-
imum eigenvalue of Ld−1 is −1. We will only show for
N ≥ d−1 cases. We give an explicit construction of (un-
normalized) eigenvector |ΨN 〉 which has the eigenvalues
shown in Eq. (36) in Appendix B.
VIII. CHARACTERIZATION OF POSITIVE
MAPS BASED ON N-COPY
IMPLEMENTABILITY
Positive maps provide a useful mathematical tool to
understand and detect entanglement. In particular, pos-
itive maps have a one-to-one relation with entangle-
ment witness and every PNCP map can be used to cer-
tify the entanglement of some quantum state [5]. The
problem of deciding whether a linear map is positive is
known to be computationally hard [31] and methods to
characterize positive maps that does not follow directly
from the definition date back to pioneering studies by
Jamio lkowski [32].
Although it is not the main focus of this paper, our re-
sults imply a characterization of strictly positive maps3.
Clearly, if a map is not positive, it is not N -copy imple-
mentable since that would necessarily transform a posi-
tive operator into a non-positive one. Also, Corollary 5
states that all strictly positive maps are N -copy imple-
mentable for finite N . Since Theorem 2 can be used to
decide whether a positive map has a CP N -copy exten-
sion by checking if the minimum eigenvalue of a linear
operator is positive, we have a hierarchy that can al-
ways decide if a map is strictly positive. This hierarchy
also quantifies the “non-complete-positiveness” of posi-
tive maps by the number of copies, N , that is required
3 A linear map Λ : L(H1) → L(H0) is strictly positive if it
transforms positive operators into strictly positive operators.
More precisely if ρ ∈ L(H1) respects 〈ψ1|ρ|ψ1〉 ≥ 0 for every
|ψ1〉 ∈ H1, strictly positive maps Λ are the ones which respect
〈ψ0|Λ(ρ)|ψ0〉 > 0 for every |ψ0〉 ∈ H0. It also follows straight-
forwardly a linear map is strictly positive map if and only if it is
in the interior of the set of positive maps.
9to implement it via a CP-map. Also, Theorems 3 and 4
provide universal bounds on the number of copies N that
only depend on the dimension of the input and output
space.
We note that the operators which have a symmetrized
structure as in Eq. (7) have been investigated [11, 13,
22, 24, 25], and a characterization of strict positive maps
based on minimum eigenvalues of such operators has also
appeared previously in Section X of [22]. In [22], the au-
thors exploit the relation between positive maps and en-
tanglement witness to present an SDP hierarchy based on
the symmetric extension of quantum states [33]. Theo-
rem 2 establishes that the operator studied in Section
X of Ref. [22] happens to characterize N -copy imple-
mentability of a given positive map. Thus, Theorem 3
and 4 can also be used to quantitatively show the con-
vergence of the hierarchy in Ref. [22]. On the other hand,
combining Theorem 3 of Ref. [22] with our Theorem 2, we
can obtain Corollary 5. We emphasize that the concept
of N -copy implementability does not appear in previous
researches.
IX. CONCLUSION
We have introduced the concept of N -copy extension
to analyze the implementability of positive but not com-
pletely positive (PNCP) maps by consuming multiple
copies of an input state. We gave a universal construc-
tion of N -copy extension on the whole space. This con-
struction is shown to be optimal in the sense that a
map is N -copy implementable if and only if it is imple-
mentable with this construction. This result implies that
the N -copy implementability is verifiable by calculating
the smallest eigenvalue of the Choi operator of this N -
copy extension. For a simpler verification of N -copy im-
plementability, we also gave two sufficient conditions and
one necessary condition. Moreover, we showed all non-
boundary positive maps are finite-copy implementable.
We finally analyzed the N -copy implementability of a
noisy version of the transposition map, and gave an
asymptotically optimal value of the noise required to add
for the noisy version of the map to be N -copy imple-
mentable. The concept of N -copy implementability also
gives a quantitative characterization for positive maps
which provides an operational meaning to the character-
ization of strictly positive maps presented in Section X
of [22].
We have shown that non-boundary positive maps are
always finite-copy implementable, but the behavior of
boundary positive maps is still not fully understood. We
conjecture that any extremal PNCP maps requires infi-
nite copies of an input to be implementable. The exis-
tence of any simpler necessary or sufficient condition for
finite-copy implementability remains open.
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Appendix A: Proof of Theorem 9
Let LN be the Choi operator of ΛN , an arbitrary N -
copy extension of Λ. Since ΛN is only defined on a
subspace of L(H1···N ), not all elements of LN are deter-
mined. However, LN cannot be positive if there exists a
positive map which maps LN to a non-positive operator.
Let Φ : L(H01···N )→ L(H01) be a positive map defined
as Φ(ρ) = V ρV † where V ∈ L(H01···N ,H01) is
V = |0〉1(〈0|1 ⊗ 〈0|2 ⊗ · · · ⊗ 〈0|N )⊗ I0
+
d1−1∑
i=1
N∑
k=1
|i〉1(〈i|1 ⊗ 〈0|2 ⊗ · · · ⊗ 〈0|N )S1k ⊗ I0,
(A1)
Skl is the swap operator defined as Skl|ψ〉k|φ〉l = |φ〉k|ψ〉l
for all |ψ〉, |φ〉 ∈ Cd1 , and subscripts k and l denote
Hilbert space Hk and Hl, respectively.
This map Φ maps LN to the operator,
L′N :=Φ(LN ) (A2)
=|0〉〈0| ⊗ ΛN (a00) +
d1−1∑
j=1
|0〉〈j| ⊗ ΛN (a0j)
+
d1−1∑
i=1
|i〉〈0| ⊗ ΛN (ai0) +
d1−1∑
i,j=1
|i〉〈j| ⊗ ΛN (aij)
(A3)
with
a00 = |0〉〈0|⊗N , (A4)
a0j =
N∑
k=1
S1k(|0〉〈j|1 ⊗ |0〉〈0|⊗(N−1)R )S†1k, (A5)
ai0 =
N∑
k=1
S1k(|i〉〈0|1 ⊗ |0〉〈0|⊗(N−1)R )S†1k, (A6)
aij =
N∑
k=1
S1k(|i〉1 ⊗ |0〉⊗(N−1)R )
N∑
l=1
(〈j|1 ⊗ 〈0|⊗(N−1)R )S†1l,
(A7)
and {aij} are permutation invariant on the Hilbert space
H1 ⊗ . . .⊗HN .
We prove that the operators {aij} defined by Eq. (A4)
- Eq. (A7) satisfy aij ∈ span{|ψ〉〈ψ|⊗N} by construction.
As a00 is a density operator, a00 ∈ span{|ψ〉〈ψ|⊗N} is
trivial. Since only the linear span is considered, normal-
ization factors are ignored for simplicity.
We first show that for any |φ1〉 and |φ2〉, |φ1〉〈φ2|⊗N ∈
span{|ψ〉〈ψ|⊗N}, which is also shown in [26]. Consider a
vector defined by |ψθ〉 = |φ1〉+ eiθ|φ2〉, |ψθ〉〈ψθ| is a den-
sity operator and |ψθ〉〈ψθ|⊗N ∈ span{|ψ〉〈ψ|⊗N}. Since∫ 2pi
0
dθ eikθ = 0 unless k = 0, we obtain
|φ1〉〈φ2|⊗N = 1
2pi
∫ 2pi
0
dθ eiNθ|ψθ〉〈ψθ|⊗N (A8)
∈ span{|ψ〉〈ψ|⊗N}. (A9)
To prove ai0 ∈ span{|ψ〉〈ψ|⊗N} for i 6= 0, let |ψθ〉 =
|0〉+ eiθ|i〉, then |ψθ〉〈0|⊗N ∈ span{|ψ〉〈ψ|⊗N}, and thus
ai0 =
1
2pi
∫ 2pi
0
dθ e−iθ|ψθ〉〈0|⊗N ∈ span{|ψ〉〈ψ|⊗N}.
(A10)
a0j ∈ span{|ψ〉〈ψ|⊗N} is also proved in the similar way.
To prove aij ∈ span{|ψ〉〈ψ|⊗N} for i, j 6= 0, let
|ψ1,θ〉 = |0〉 + eiθ|i〉 and |ψ2,φ〉 = |0〉 + e−iφ|j〉, we have
|ψ1,θ〉〈ψ2,φ|⊗N ∈ span{|ψ〉〈ψ|⊗N}. Since
|ψ1,θ〉〈ψ2,φ| = |0〉〈0|+ eiθ|i〉〈0|+ eiφ|0〉〈j|+ ei(θ+φ)|i〉〈j|,
(A11)
we obtain
aij =
1
(2pi)2
∫ 2pi
0
dθ
∫ 2pi
0
dφ e−i(θ+φ)|ψ1,θ〉〈ψ2,φ|⊗N
(A12)
∈ span{|ψ〉〈ψ|⊗N}. (A13)
Since {aij} ∈ span{|ψ〉〈ψ|⊗N}, ΛN (aij) are calculable
with partial traces of {aij} as Eq. (3), that is,
ΛN (a00) = Λ(|0〉〈0|), (A14)
ΛN (a0j) = Λ(|0〉〈j|), (A15)
ΛN (ai0) = Λ(|i〉〈0|), (A16)
ΛN (aij) = Λ(|i〉〈j|) + δij(N − 1)Λ(|0〉〈0|) (A17)
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for i, j 6= 0. Thus, we obtain
L′N = |0〉〈0| ⊗ Λ(|0〉〈0|) +
d1−1∑
j=1
|0〉〈j| ⊗ Λ(|0〉〈j|)
+
d1−1∑
i=1
|i〉〈0| ⊗ Λ(|i〉〈0|) +
d1−1∑
i,j=1
|i〉〈j| ⊗ Λ(|i〉〈j|)
+ (N − 1)
d1−1∑
i,j=1
δij |i〉〈j| ⊗ Λ(|0〉〈0|) (A18)
= L+ (N − 1)
d1−1∑
i=1
|i〉〈i| ⊗ Λ(|0〉〈0|). (A19)
Therefore, if L′N = L + (N − 1)
∑d1−1
i=1 |i〉〈i| ⊗ Λ(|0〉〈0|)
is not positive, LN cannot be positive, that is, no CP
N -copy extension of Λ exists.
Appendix B: Proof of Theorem 10
Since the Choi operator of state transposition is the
swap operator S, the Choi operator of the optimal N -
copy extension is given as
LN =
1
N
N∑
i=1
S0i ⊗ IR. (B1)
We show that the minimum eigenvalue of LN is bounded
as
λmin(LN ) ≤
{
−1 N ≤ d− 2
−(d− 1)/N N ≥ d− 1 . (B2)
The N = 1 case is easy to prove as L1 = S01, which is just
the swap operator. If T η is N -copy implementable, it is
also N ′-copy implementable for N ′ > N . Thus, the min-
imum η that allows T η to be N -copy implementable, η∗N ,
is non-increasing in N . Since the N -copy implementabil-
ity of T η is equivalent to the positivity of (1−η)LN+ηI/d,
λmin(LN ) = −η∗N/d(1 − η∗N ) holds. Hence λmin(LN ) is
non-decreasing in N . Therefore, for N ≤ d − 2 cases, it
is enough to show that the minimum eigenvalue of Ld−1
is −1. We will only show for N ≥ d−1 cases. We give an
explicit construction of (unnormalized) eigenvector |ΨN 〉
which has the eigenvalues shown in Eq. (B2). Let |Ad〉
be the d-dimensional totally anti-symmetric state
|Ad〉i0i1···id−1 :=
∑
σ∈Sd
sgn(σ)√
d!
|σ0〉i0 |σ1〉i1 · · · |σd−1〉id−1 ,
(B3)
and k1, . . . , kd−1 be integers from 1 to N which are used
to denote the Hilbert spaces. The eigenvector |ΨN 〉 is
defined as
|ΨN 〉 :=
∑
k1<k2<···<kd−1
c({ki})|0〉⊗N−d+1R |Ad〉0k1k2···kd−1 ,
(B4)
where the coefficients c({ki}) are defined as
c({ki}) :=
{
1 d is even∑d−1
i=1 (−1)iki d is odd
, (B5)
and the state |0〉⊗N−d+1R is an arbitrary N − d+ 1 qudit
state with subscript R denoting that this state is in the
rest of Hilbert spaces other than H0,Hk1 , . . . ,Hkd−1 .
Now LN |ΨN 〉 can be grouped into two groups as
LN |ΨN 〉
=
1
N
∑
k1<···<kd−1
∑
i∈{ki}
S0ic({ki})|0〉⊗N−d+1R |Ad〉0k1k2···kd−1
+
1
N
∑
k1<···<kd−1
∑
i/∈{ki}
S0ic({ki})|0〉⊗N−d+1R |Ad〉0k1k2···kd−1 ,
(B6)
depending on i ∈ {ki} or not. Since
S0i|0〉⊗N−d+1R |Ad〉0k1k2···kd−1
=
{
−|0〉⊗N−d+1R |Ad〉0k1k2···kd−1 i ∈ {ki}
|0〉⊗N−d+1R |Ad〉ik1k2···kd−1 i /∈ {ki}
, (B7)
the first term of Eq. (B6) becomes
1
N
∑
k1<···<kd−1
∑
i∈{ki}
S0ic({ki})|0〉⊗N−d+1R |Ad〉0k1k2···kd−1
=− 1
N
∑
k1<···<kd−1
∑
i∈{ki}
c({ki})|0〉⊗N−d+1R |Ad〉0k1k2···kd−1
=− d− 1
N
∑
k1<···<kd−1
c({ki})|0〉⊗N−d+1R |Ad〉0k1k2···kd−1
=− d− 1
N
|ΨN 〉, (B8)
where the second equation holds as there are d − 1 ele-
ments in {ki}. The remaining is to show that the second
term of Eq. (B6) vanishes. Here
1
N
∑
k1<···<kd−1
∑
i/∈{ki}
S0ic({ki})|0〉⊗N−d+1R |Ad〉0k1k2···kd−1
=
1
N
∑
k1<···<kd−1
∑
i/∈{ki}
c({ki})|0〉⊗N−d+1R |Ad〉ik1k2···kd−1 ,
(B9)
and the summation is taken over the whole set of
{i, k1, k2, . . . , kd−1} with conditions k1 < · · · < kd−1
and i 6= k1, . . . , kd−1. Now consider another set
{l0, l1, . . . , ld−1}, if we sum over the whole set with the
condition l0 < l1 < · · · < ld−1, the summation does
not match the original one, as in the original summa-
tion, the only requirement for i is that i is different
from the others. Thus, we add an additional parame-
ter 0 ≤ j ≤ d − 1, which is used to specify the number
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that is not ordered as i in the original summation. For
a fixed parameters {i, k1, k2, . . . , kd−1}, the correspond-
ing parameters {l0, l1, . . . , ld−1, j} are constructed as fol-
lows. The numbers l0, l1, . . . , ld−1 are equal to the num-
bers i, k1, k2, . . . , kd−1 rearranged in an increasing order,
and j is defined such that i is the (j+1)-th smallest num-
ber in {i, k1, k2, . . . , kd−1}. Then we can rewrite Eq. (B9)
as
∑
l0<l1<···<ld−1
d−1∑
j=0
c({li}, j)(−1)j |0〉⊗N−d+1R |Ad〉l0l1···ld−1
(B10)
where the coefficient (−1)j appears because of the prop-
erty |Ad〉lj l0···lj−1lj+1···ld−1 = (−1)j |Ad〉l0···lj−1lj lj+1···ld−1 ,
and the coefficient c({li}, j) is equal to c({ki}), which can
be written as
c({li}, j) =
{
1 d is even∑
i<j(−1)ili +
∑
i>j(−1)i+1li d is odd
.
We show that
∑d−1
j=0 c({li}, j)(−1)j = 0 as follows. If d is
even,
∑d−1
j=0(−1)j = 0 is trivial, since the summation of
(−1)j over an even number of consecutive integers j is 0.
If d is odd,
d−1∑
j=0
c({li}, j)(−1)j (B11)
=
d−1∑
j=0
(−1)j
∑
i<j
(−1)ili +
∑
i>j
(−1)i+1li
 (B12)
=
d−1∑
i=0
∑
j>i
(−1)i+j li +
∑
j<i
(−1)i+j+1li
 (B13)
=
d−1∑
i=0
li
∑
j>i
(−1)i+j −
∑
j<i
(−1)i+j
 , (B14)
where the order of summation is changed in the second
equation and we take the summation on j first. For each
i, two summations (j > i and j < i) consist of an even
number of terms in total because d is odd and we take
summation only for j 6= i. If both summations contain
an even number of terms, both of them vanish, and the
total is 0. If both summations contain an odd number of
terms, both of them are equal to 1 or −1, and the total
is still 0. Thus, in both cases, the sum vanishes.
Summing up these results, we obtain LN |ΨN 〉 =
−d−1N |ΨN 〉. This is an upper bound for the minimum
eigenvalue of LN .
